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Finite Element Assisted Method of Estimating Equivalent Circuit
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The paper outlines methods developed to obtain circuit parameters of a superconducting synchronous generator with a coreless rotor.
The need for full three–dmensional (3D) ﬁnite element modeling is emphasized and appropriate techniques devised to estimate relevant
equivalent characteristics. The methods described use steady-state ac models, predominantly in the rotor frame of reference; the use of
transient or full rotating machine models is avoided.
Index Terms—Coreless rotor, equivalent circuit parameters, superconducting synchronous generator.
I. INTRODUCTION
R
ECENT advances in high-temperature superconducting
(HTS) materials have opened opportunities to consider
new generation of electrical power devices. However, a suc-
cessful prediction of circuit parameters for such novelmachines
can pose signiﬁcant difﬁculties. Classical techniques are not al-
ways applicable to superconducting machines because of a dif-
ferentconstruction.Thispaperreportsonsomeofthechallenges
faced during the process of circuit parameters estimation for a
superconducting synchronous generator with the coreless rotor
designed at the University of Southampton.
II. HTS CORELESS ROTOR DESIGN
Therotorisofacorelesstype,i.e.,coilsarenotwoundaround
an iron core and instead a nonmagnetic material is used. This
approach poses several signiﬁcant difﬁculties; for example, the
lackofamagneticcoreincreasesthemagneticﬁeldinthesuper-
conductor; to alleviate this problem, the rotor is designed as a
stackof coils andﬂux diverters (Fig.1) made of9%nickel steal,
a material suitable for low temperatures and of high saturation
ﬂux density. The rotor is placed in a 0.9 mm thick copper tube
which acts as a shield against higher order harmonics induced
by the stator winding [1].
It has been shown through simulations that the magnetic
characteristics of the above design are very satisfactory. Unfor-
tunately though, producing an acceptable mechanical design
for this arrangement proved very difﬁcult, in particular when
thermal contraction was taken into account. Consequently, the
design of the rotor now under construction at Southampton
differs signiﬁcantlyfrom thatconsidered here;notwithstanding,
the methods developed for equivalent circuit parameters esti-
mation are still applicable.
III. STATOR
The stator was taken from a conventional 100 kVA, two-pole
induction machine, with the bore diameter of 330 mm and iron
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Fig. 1. Initial HTS rotor design. Stack of coils, diverters, and the copper screen
are shown on the left, while a 3D view of the rotor is on the right.
length of 325 mm. A short-pitched (14/24) two-layer winding
with three-turn coils is distributed in 48 slots and connected in
a parallel star arrangement. Using an existing stator introduced
additional constraints on the design, in particular regarding the
control of higher harmonics in the voltage waveform.
IV. THE NEED FOR 3D MODELING
Modeling methods employed by most designers are based on
a two-dimensional (2D) representation of the machine [2]. The
parameters are obtained straight from the magnetic ﬁeld solu-
tion of an FE model, or by coupling it with an external circuit
to monitor voltage and current outputs and thus obtain the pa-
rameters by simulating one of the classical tests as performed
on a real machine. All these techniques are based on a well-es-
tablished general machine theory aided by a number of simpli-
ﬁcations which make it possible to use a 2D model. The true
three–dimensional (3D) nature of the ﬁeld is then accommo-
dated by introducing extra parameters, such as the end winding
reactance. The approach is often accurate enough for machines
of classical construction with iron cores. The majority of syn-
chronous machines have a damper winding with well-deﬁned
current paths, which can be modeled in a similar manner. Un-
fortunately, the 2D simpliﬁcation has proven inappropriate for
the HTS coreless generator.
In addition to the low reactances of the central 2D section of
the machine caused by the large air gap and the absence of a
rotor core, which increases the relative importance of the end-
winding inductances, additional ﬂux paths around the ends of
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the ﬂux diverter rings complicate the analysis. These ﬂux paths
allow ﬂux to pass from one side of the rotor to the other without
ﬂowing through the central space, increasing the quadrature re-
actances and making the ﬁeld in the central section of the ma-
chine more 3D. It was therefore decided that 3D ﬁnite-element
models shouldbe usedfor everythingexceptpreliminary design
investigations.
A further difﬁculty arises when analyzing eddy currents in
the copper screen, since this is a continuous sheet that does not
force the current to follow well-deﬁned paths. Using an arbi-
trary set of mode shapes to deﬁne the current distribution in the
copper screen due to stator MMF harmonics would be difﬁcult.
Consequently, the screen is not treated as a winding; instead, its
conductivity is included in the ﬁnite-element models as a mate-
rial property.
V. MODELING IN THE ROTOR FRAME OF REFERENCE
Although, in principle, it is now possible to build and solve
a full 3D transient rotating machine model of a generator, such
models are computationally very expensive. Moreover, models
that include circuit windings with complex geometry usually
failed to mesh. Since rotating machine models require these cir-
cuit windings to represent currents that ﬂow in the external cir-
cuits, the use of such models for design purposes cannot yet be
considered practical with available software.
Instead,thegeneratorismodeledusingaseriesofsteady-state
ac models, predominantly in the rotor frame of reference. The
method is related to the well-known method of estimating the
reactances and time constants of a synchronous machine from
the results of standstill frequency response tests [3].
This test is based on an assumption that by ﬁnding a number
of transfer functions about some operating point, describing the
electrical responses of stator and rotor quantities, parameters
may be found by ﬁtting the obtained data to the assumed model
of the proper order. The transfer functions are described by the
following equations:
(1)
(2)
where and are direct and quadrature axis ﬂux linkages,
and are corresponding stator currents, is the machine
ﬁeldvoltageataparticularoperatingpoint,and meansasmall
perturbation, —the direct axis operational inductance—is
the Laplace transform of the ratio of direct axis armature ﬂux
linkages to the direct axis current with the ﬁeld winding short-
circuited, is analogous in quadrature axis, and —the
armature to ﬁeld transfer function—is the Laplace transform of
the ratio of the direct axis armature ﬂux linkages to the ﬁeld
voltage with the armature open-circuited.
Theresultsarethenﬁttedintothefunctionoftheproperorder
[4] deﬁned as
(3)
(4)
where are appropriate time constants.
It is apparent that some errors are inherent in the use of such
test results to predict the behavior of a machine that is rotating.
These errors arise because the ﬁeld in the test only has one fre-
quency, whereas the equivalent circuit is intended to represent a
situationinwhichtheﬁeldontherotorhasanumberofdifferent
frequencies; the main ﬁeld is at a low frequency, the ﬁeld due
to stator MMF harmonics differs from this by a multiple of six
times the supply frequency, and stator slots modulate the ﬁeld
at multiples of the stator slot passing frequency.
For the machine considered, the errors introduced by using
the wrong frequency for the ﬁeld driven by space harmonics
of the stator MMF are likely to be particularly large. There are
two reasons for this: ﬁrst, because the stator winding has a very
short coil pitch and so has larger MMF harmonics, and second,
because the damper winding is a copper sheet in the air gap
rather than a set of bars buried in slots.
In a real test, there is little that can be done about these er-
rors other than to make some estimates of their effect and make
appropriate adjustments to the data. However, if the test results
are replaced by the results of ﬁnite-element modeling, it is pos-
sible to model the ﬁeld of the stator MMF harmonics separately
at one or more appropriate frequencies, and combine the results
by superposition. The only stator currents that need to be in-
cluded in the low-frequency models are the direct-axis and the
quadrature-axis sinusoidal components.
The use of superposition implies the use of a linear model;
the stator core is therefore modeled as a linear anisotropic
material. However, in the rotor iron (ﬂux diverters), the rotor
screen ensures that the high-frequency ﬂux components driven
by harmonics of the stator MMF are small; hence, we may
neglect these high-frequency ﬁelds in a nonlinear model of
the rotor. Other restrictions on the use of nonlinearity in the
low-frequency model of the rotor will be explained later.
In addition to neglecting the effects of the high-frequency
ﬁelds on the permeability of the ﬂux diverters, the effects of
ﬂux diverters on the high-frequency ﬁelds are also ignored. The
models that are used to predict the effects of the stator MMF
harmonics on the stator ﬂux linkage therefore have no ﬂux di-
verters; the rotor is represented by the copper screen alone. This
simpliﬁcation greatly increases the symmetry of these models.
It is therefore possible to employ superposition again to pre-
dict the ﬁeld of the stator MMF harmonics from that of a single
pair of coils. This reduction in the number of coils in the model
greatly reduces the computational effort expended to solve the
ﬁnite-element models.
To estimate the inductive energy due to harmonics of the
stator MMF, the model is ﬁrst post-processed to determine the
ﬂux linking each coil due to the current imposed in the one pair
ofcoilsthatisincludedinthemodel.Theﬂuxlinkagesarecalcu-
lated by integrating the normal component of B over a series of
quadrilateralpatches,theedgesofwhichdeﬁnesixcurrentpaths
uniformly distributed over the cross section of each three-turn
coil. The ﬂux linkage data is scaled to form a mutual inductance
vector,andexpandedtoformacompletemutualinductancema-
trix(Fig.2).Usingthismatrix,theinductiveenergycanbefound
for any distribution of stator currents by matrix multiplication.
The simplest estimate of the energy due to the MMF harmonics
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Fig. 2. Formation of a full mutual inductance matrix for ￿ pairs of coils by
expansion of a mutual inductance vector.
is obtained by subtracting the energy due to the sinusoidal com-
ponents of the stator current from that for the real (six phase
belts) current distribution. While this method neglects the vari-
ation in inductance with frequency, the results show that for the
range of frequencies involved this variation is small. Since most
of the additional energy is associated with rotor currents at six
times the output frequency of the generator, the errors are neg-
ligible if the model is solved at this frequency.
VI. TREATMENT OF NONLINEARITY
As noted above, the use of a separate high-frequency model
to predict the ﬁeld due to harmonics of the stator MMF does
not preclude the use of nonlinear material properties in the rotor
of the low-frequency model. However, since the 3D software
does not produce small-signal linearized ac models using incre-
mental permeabilitydata from a previousstatic solution, theuse
of nonlinear models must be restricted to the static limiting case
of the low-frequency model.
To fully model nonlinearity in the rotor, a transient solution
would be required. This would increase the computational cost
ofthesolution;however,sincearotor-frame-of-referencemodel
does not model the movement of the stator slots past the rotor
but instead allows the current to transfer smoothly from one
slot to the next, it should be possible to use a larger time step
than would be required for a rotating machine model. If the
ﬁeld winding could be connected to an external circuit, this
would allow saturated values to be obtained for the small-signal
transient characteristics. However, while the commercial soft-
ware used does support this type of circuit winding, it has been
found that models with complex circuit windings usually fail.
Although standard (racetrack or solenoid) windings are not a
problem,acircuitwindingconsistingofarcconductorsthatrep-
resents the ﬁeld winding of the generator causes the model to
fail. The use of transient nonlinear models of the rotor should
therefore be restricted to checking the validity of data obtained
from linear models.
Both 2D and 3D methods have been used to estimate the ma-
chine characteristics for the design described above. Since the
capabilities of the 2D and 3D modeling software used are sig-
niﬁcantlydifferent,somewhatdifferentapproachesarerequired.
Nevertheless,inbothcases,thesmall-signalcharacteristicshave
been estimated, and no transient models have been used.
The 2D results were obtained from a set of three models: one
for direct-axis MMF, one for quadrature-axis MMF, and one for
ﬁeld current. In each case, the model was solved for a number
of frequencies usingpermeability data reloaded from a previous
TABLE I
DIRECT AND QUADRATURE REACTANCES OBTAINED
FROM 2D AND 3D SIMULATIONS
Fig. 3. Flux distribution for a) direct b) quadrature axis.
static solution with full load current in the stator. It would have
been possible to remove the need for one of these models by
connecting an external circuit to the ﬁeld winding, but the cost
ofsolvingadditional2Dmodelsissmall,andtheuseofseparate
models allows the external impedance of the ﬁeld circuit to be
added later.
The 3D results were obtained using the same method, but
using linear models of the rotor. An appropriate value of per-
meability for these models was chosen as ,
where the integrals were evaluated in the appropriate parts of
a nonlinear model with full load currents in the windings. The
accuracy of this linear approximation can be checked by com-
paring the values of synchronous reactances obtained from the
linear models with values obtained from the difference of two
nonlinear solutions using
(5)
This is an established technique and is described in [5]. Esti-
mates of the reactance from linear and nonlinear static models
agree to within 6%.
VII. RESULTS
The values of the synchronous reactances obtained from the
2D and 3D models are listed in Table I (as “per unit” values). It
is apparent that the quadrature-axis reactance is higher than the
direct-axis reactance. This result is different from what is ob-
tained when machines of classical design are considered, where
the direct axis reactance is usually higher.
The ﬂux plots in Fig. 3 illustrate the reason for this rather
unusual proportion of values of and . It is apparent that
the quadrature-axis ﬂux can ﬂow for relatively long distances
withinahigh-permeabilitymaterial(diverterrings),whereasthe
direct-axis ﬂux must repeatedly leave the iron and ﬂow through
the nonmagnetic regions occupied by the ﬁeld winding. Note
alsothatforadesignwithoutﬂuxdiverters(currentlyundercon-
sideration) this result may be different.
When the results from 2D and 3D modeling are compared
there is a noticeable difference between the two sets, with the
2Dresultsgivinglowerestimatesofthesynchronousreactances.
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Fig. 4. Flux distribution in one of the diverter rings a) direct b) quadrature ﬂux
distribution without ﬁeld current.
Fig. 5. Equivalent third-order circuit of the direct axis of the machine.
Fig. 6. Equivalent ﬁrst-order circuit of the quadrature axis of the machine.
The results for the 2D estimation of both reactances include the
end winding inductance which has been obtained by using the
one coil model (without the conductivity in the copper screen)
and expanding it to the mutual inductance matrix in the same
manner as described in Section V. It has been found that its
value is 0.150 mH. The higher values of reactance predicted
using the 3D models can be attributed to the presence of addi-
tional ﬂux paths that cannot be included in a 2D representation
of the problem, in particular: the additional iron paths available
to quadrature-axis ﬂux in the ends of the diverter rings, and the
large fringing ﬂux at the core ends due to the large air gap and
the extended rotor poles. The direct and quadrature ﬂux paths in
one of the rings are shown in Fig. 4.
The ac models were solved for the range of frequencies be-
tween 0.01 and 100 Hz, and the ﬂux linkage was extracted for
each stator coil and for the rotor winding. As mentioned be-
fore, linear models were used and the ﬁeld due to induced cur-
rent in the ﬁeld winding was added to the D-axis ﬁeld of the
stator winding by superposition. The resistance of the ﬁeld cir-
cuit is not included in the FE models; a value of 10 m was as-
sumed,whichisanestimateoftheresistanceoftheslipringsand
current leads. Transfer functions corresponding to the equiva-
lent circuits (Figs. 5 and 6) were ﬁtted to the data from the ac
models. The graphs (Figs. 7 and 8) suggest that these equiva-
lent circuits are sufﬁcient to model the response of the machine.
These curves were obtained using the equivalent-circuit param-
eters shown in Table II. The base value of the ﬁeld current was
chosen arbitrarily as 16 A. Although this is only 10% of the
rated ﬁeld current, it represents substantially more MMF than
full-load current in the stator. The use of signiﬁcantly lower
values does not permit the characteristics of the machine to be
modeled by the equivalent circuit shown in Fig. 5.
Fig. 7. Transfer function for the direct axis.
Fig. 8. Transfer function for the quadrature axis.
TABLE II
PARAMETERS OBTAINED FOR THE CIRCUITS ELEMENTS [P.U]
VIII. CONCLUSION
A method of predicting the steady-state and transient be-
havior of a synchronous machine has been developed that does
not require the use of transient ﬁnite-element models. Low-fre-
quency ac models in the rotor frame of reference are used to
model the ﬁeld of the fundamental component of the stator
MMF. Separate high-frequency models are used to predict the
additional impedance due to MMF harmonics.
The method has been applied to a design with a coreless
superconducting rotor, and it was shown that to represent this
type of machine 3D models are required. The D-axis equivalent
circuit must be third-order since the diverter rings and copper
screen act as separate damper windings.
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